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Singularity Analysis and Visualization for Single-Gimbal
Control Moment Gyro Systems

Bong Wie*
Arizona State University, Tempe, Arizona 85287-6106

The singularity problem inherent in redundant single-gimbal control moment gyro (CMG) systems is examined.
It is intended to provide a comprehensive mathematical treatment of the CMG singularity problem, expanding
upon the previous work by Margulies, Aubrun, and Bedrossian. However, particular emphasis is placed on char-
acterizing and visualizing the physical as well as mathematical nature of the singularities, singular gimbal angles,
singular momentum surfaces, null motion manifolds, and degenerate null motions. The mathematical framework
for characterizing the geometric property of singular surfaces is also established by applying the surface theory
of differential geometry. Two and three parallel single-gimbal CMG configurations and a typical pyramid array
of four single-gimbal CMGs (including a special case of 90-deg skew angle) are examined in detail to illustrate the
various concepts and approaches useful for characterizing and visualizing the CMG singularities.

I. Introduction

ONTROL moment gyros (CMGs), as applied to spacecraft

attitude control and momentum management, have been ex-
tensively studied in the past'~” and more recently in Refs. 8-16.
They have been successfully employed mainly for large space ve-
hicles, such as the Skylab, the MIR space station, and the Interna-
tional Space Station (ISS). However, CMGs have never been used
in commercial satellites because their higher torque capabilities are
not needed by most commercial satellites and also because CMGs
are much more expensive and mechanically complex than reaction
wheels.

A CMG contains a spinning rotor with large, constant angular
momentum, but whose angular momentum vector direction can be
changed with respect to the spacecraft by gimballing the spinning
rotor. The spinning rotor is mounted on a gimbal (or a set of gim-
bals), and torquing the gimbal results in a precessional, gyroscopic
reaction torque orthogonal to both the rotor spin and gimbal axes.
The CMG is a torque amplification device because small gimbal
torque input produces large control torque output on the spacecraft.
Because the CMGs are capable of generating large control torques
and storing large angular momentum over long periods of time, they
have been employed for attitude control and momentum manage-
ment of large space vehicles such as the ISS. Four parallel-mounted
double-gimbal CMGs with a total weight of about 2400 1b and with
a design life of 10 years are employed on the ISS.

The next-generation Earth imaging satellites, such as the Pleiades
high-resolution imaging satellite, will require rapid rotational ma-
neuverability (e.g., a slew rate of 4 deg/s) for high-resolution images.
Rather than sweep a gimbaled imaging system from side to side, the
whole spacecraft body will turn rapidly. Pointing the entire space-
craft body allows the body-fixed imaging system to achieve a higher
definition and improves the resolution for its images. Because the
overall cost and effectiveness of such agile imaging satellites are
greatly affected by the average retargeting time, the development
of an agile attitude control system employing CMGs is of current
practical interest.'’~2! For example, the Pleiades high-resolution
imaging satellite will be controlled by a pyramid cluster of four
single-gimbal CMGs (Astrium’s CMG 15-45S), and it will be able
to perform a 60-deg crosstrack slew manuever in less than 25 s.!7-20
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However, the use of CMGs necessitates the development of CMG
steering logic, which generates the CMG gimbal rate commands for
the commanded spacecraft control torques. One of the principal dif-
ficulties in using CMGs for spacecraft attitude control and momen-
tum management is the well-known geometric singularity problem
in which no control torque is generated for the commanded control
torque along a certain direction. At such a singularity, CMG torque
is available in all but one particular direction, called the singular
direction.

As evidenced in Refs. 1-21, most CMG researchers have been
focusing on the development of singularity-avoidance steering logic.
However, this paper focuses on the singularity problem itself and
is intended to provide its coherent, comprehensive mathematical
treatment. This paper is also intended to provide the reader with
a summary of various approaches with many illustrative examples
with significant new results. In particular, this paper will provide the
comprehensive mathematical framework to CMG researchers with
a renewed practical interest in developing an agile attitude control
system employing smaller CMGs for small agile satellites.!”~2!

The remainder of this paper is outlined as follows. In Sec. II, a
summary of various single-gimbal CMG systems will be presented.
Such CMG systems will be used throughout the paper to illustrate the
various concepts and approaches useful for characterizing and visu-
alizing the CMG singularities. In Sec. III, the singular momentum
surfaces will be characterized and visualized using a method intro-
duced by Margulies and Aubrun.? Several illustrative examples with
significant new results will be presented. Section IV will describe
a new approach for analyzing the CMG singularity problem. This
new method is based on the Binet—Cauchy identity. Its practicality
in being applied to a pyramid array of four single-gimbal CMGs will
be demonstrated. In Sec. V, the CMG null motion problem will be
examined, expanding upon the previous work of Bedrossian et al.*3
In particular, the degenerate null motion will be examined in detail
and several illustrative examples with significant new results will
be presented. In Sec. VI, the singularity surface problem will be
examined by applying the surface theory of differential geometry.
However, this section is intended to provide the reader with the ba-
sic mathematical foundation of the theory of differential geometry
as applied to the CMG systems. Although a further study is needed
to fully demonstrate its practicality, this section on the surface the-
ory of differential geometry will certainly help the reader further
advance the subject matter.

II. Single-Gimbal CMG Systems

This section provides a summary of a few representative single-
gimbal CMG systems. These CMG systems will be used as illustra-
tive examples throughout the paper to illustrate the various concepts
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Fig. 1 Pyramid mounting arrangement of four single-gimbal CMGs.

and approaches useful for characterizing and visualizing the CMG
singularities.

Pyramid Array of Four Single-Gimbal CMGs

A typical pyramid array of four single-gimbal CMGs is illustrated
in Fig. 1. The total angular momentum vector of four single-gimbal
CMGs, H, is simply given by

H=h;+h,+h;+hy (1)
where h; is the angular momentum vector of the ith CMG and it
is assumed that |h;| = 1 without loss of generality. The ith gimbal
angle, x;, describes rotation of A; about the normalized gimbal-axis
vector, g; (|g;|=1); thatis, g; - h; =0 and h; = h; (x;).

For the pyramid mount of four single-gimbal CMGs with skew
angle of B as illustrated in Fig. 1, the gimbal-axis vectors can be
simply represented as g, = sin Si + cos Bk, g, = sin 8j + cos Bk,
gy =—sin i+ cos Bk, and g, = — sin Bj + cos Bk.

The total CMG momentum vector H is often expressed in a space-
craft reference frame (x, y, z) with a set of orthogonal unit vectors
{i, j, k} as follows:

H = H,i+ H,j+ Hk

H,
H,
H,

[i j k] =[i j kH 2

where H=(H,, H,, H.)=[H, H, H_]" is the representation of
the vector H with respect to the basis vectors {i,j, k}. Although the
column vector H should be distinguished from the vector H itself, it
is often called a vector. However, the meaning should be clear from
the context and in general we must be clear on what is meant by a
vector.

For the pyramid mount of four single-gimbal CMGs with skew
angle of B, the total CMG momentum vector can be represented in
matrix form as

H = h;(x1) + ha(x2) +h3(x3) +hy(xs)

[ —cBsinx; —COoS Xy
= COS X + | —cBsinx;
| sBsinx sP sin x,
[ cB sin x; COS Xy
+ | —cosxz | + | ¢Bsinxy 3)
| sBsinx; s sin xy4

WIE

where ¢f = cosf, sB=sinp. Note that h; are periodic with
a period of 27 and that
d’h; B

dx?

h; )

The differential of H becomes
dH = f] d)C] +f2 dJCz +f3 dX3 +f4 d)C4
= Adx 5)

where dx = (dx;, dx,, dx;, dx;), and A is the Jacobian matrix de-
fined as

A=[fi £ £ f]
—cf cos x| sin x, cfcosxs; —sinxy
= — sin x; —cf cos x; sin x3 cp cosxy (6)
s cos x; spcosx; sBcosxs sBCOSxy

Equation (5) represents a linear mapping from dx = (dx;, dx,,
dxs, dx4) to dH = (dH,, dH,, dH). Consequently, we obtain

H=Ax ™

where H = dH/dr and x = dx/dr.

2-SPEED Single-Gimbal CMG System!

A special case with 8 = /2 was employed by Crenshaw for the
so-called 2-SPEED (Two Scissored Pair Ensemble, Explicit Distri-
bution) single-gimbal CMG control system.! For this configuration,
we simply have two orthogonal pairs of two parallel single-gimbal
CMGs with a Jacobian matrix of the form

0 sin x; 0 — sinxy
A= | —sinx 0 sin x3 0 (8)
COSX|] COSX; COSX3 COSX4

This special configuration is also of practical importance. Many
other CMG configurations are in fact some variant of this basic
arrangement of two orthogonal pairs of two parallel CMGs, known
as the 2-SPEED CMG system in the literature.

Two and Three Parallel Single-Gimbal CMG Configurations

Two and three single-gimbal CMG configurations with par-
allel gimbal axes have also been studied for two-axis control
applications."? Consider first a case with only two CMGs with-
out redundancy. The momentum vectors H; and H, move in the
(x, ) plane normal to the gimbal axis, as shown in Fig. 2. For such
scissored single-gimbal CMGs, the total CMG momentum vector
can be represented in matrix form as

COS X1 + COS Xy
sin x; + sin x,
where a constant unit momentum for each CMG is assumed.
Defining a new set of gimbal angles («, §) as
a=(x;+x2)/2, B=(x2—x1)/2 (10)

where « is called the rotation angle and S the scissor angle,! we can
express the CMG momentum vector as

H=2[cosacosﬂi|

sina cos B

an

and we have

12)
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Fig. 2 Twosingle-gimbal CMGs with parallel gimbal axes.! This CMG
system remains singular for any o motion when 3 =0 or 90 deg.

where H:(HX, Hy), X:(d,ﬁ), and A is the Jacobian matrix
defined as

13)

cos o cos 8

—sinw cos 8
A=2 . .
—sina sin 8

—cosasinﬁi|

For a system of three single-gimbal CMGs with parallel gimbal
axes, the total CMG angular momentum vector is given by

COS X1 + COS X3 + COS x3
H=| . . . (14)
SIn x| + Sinx, + sin x3
and the Jacobian matrix for x = (x1, x,, x3) is
—sinx; —sinx, —sinxj
A= (15)
COS X| COS X2 COS X3

The various CMG systems described in this section will be used
throughout the paper to illustrate the various concepts and ap-
proaches discussed in this paper.

III. Singularities and Singular Surfaces

This section briefly introduces a method developed by Margulies
and Aubrun? for analyzing and visualizing the singular momentum
surfaces. [llustrative examples are presented with significant new
results.

Similar to H expressed as in Eq. (2), an arbitrary vector u can
also be represented as

w=ud+u,j+uk

Uy

[i j k] [i j klu (16)

uy

Uz

where w= (u,, uy, u;) =[u, uy u]".

As introduced by Margulies and Aubrun,? let u be a unit vector
of the punctured unit sphere defined as
,n}

S={u:lul=1u#=xg,i=1,...
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where g, is the gimbal-axis vector (|g;| = 1). Such aunit vector along
all possible directions in three-dimensional space (except along the
gimbal-axis directions) can be parameterized as

u=ud+u,j+uk

sin 6,i — sin 6y cos B, j + cos 0 cos O,k 17
where 6, and 6, are the rotation angles of two successive rotations
about the x and y axes. The longitude and latitude angles of spherical
coordinates, commonly used for a unit vector description along all
possible directions in three-dimensional space, was found to be nu-
merically ill suited for visualization of the singular surfaces. [Note
that such a specific representation of u as Eq. (17) was not provided
in Ref. 2.]

For a system of n single-gimbal CMGs, the differential of the
total CMG momentum vector becomes

dH = Zdh Z—dx,-zi:f,-dxi

i=1 i=1

18)

where f; are unit tangent vectors defined as

dh;
fizfi(xi)zd =g xh; (19)
Xi

Note that dH and f; are the equivalent vector representations of dH
and f;, respectively, used in Eq. (5). The three vectors, {f;, g;, h},
form a set of orthogonal unit vectors rotating about each gimbal axis
g;. This set of orthonormal vectors plays a major role in developing
the geometric theory of redundant single-gimbal CMGs.?

The 3 x n Jacobian matrix A, introduced in the preceding section,
has maximum rank of 3. When the gimbal axes are not arranged to be
coplanar, the minimum rank of A is 2. However, when rank(A) =2,
all f; become coplanar and there exists a unit vector # normal to
that plane; that is,

fi(x) -u=fu=0, i=1,...,n (20)
Consequently, for such a case, we have
dH-u=0 @2n

and the CMG array cannot produce any momentum vector change
(or torque) along the direction of u regardless of the gimbal rates.
Such a unit vector u is called the singular vector, and a set of gimbal
angles when rank(A) =2 is called the singular gimbal angles.

Because f; is also orthogonal to g; and |f;|=1, singularity
condition (20) can be rewritten as

8 Xu

lg; x ul

fi=% (22)

Since k; = f,; x g;, the singularity condition for A;(x;) can also be
written as

ho= o+ B XY X8 23)
lg; x ul
which leads to the following inner product of k; and u:
e=hiu=*lg xul=+/T-@gw @4

The singular momentum vector, corresponding to the singular
vector u and the singular gimbal angles x, is expressed as

H = H(x(u)) =H(u)

1
=Zz(gixu)xg,~

€lu—gig -wl

(25)
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where €; = sign(e;) = sign(h; - u) = £1. Note that there are 2" com-
binations of ¢; for a clutser of n CMGs. See Ref. 2 for a detailed
discussion of these 2" combinations.

Because u =u(6,, 6,), we have H=H (6,, 6,); that is, H is also
parameterized by 6, and 6,. Singular momentum surfaces can be
directly obtained using Eq. (25) without recourse to singular gimbal
angles.

Example 3.1: Two Single-Gimbal CMGs
The singular momentum vector of the two single-gimbal CMGs
with parallel gimbal axes (see Fig. 2) is given by

2

1
H= ;e_,-(gi X u) X g
=¢cu+eu=0 or =+2u (26)
The singular momentum vector is then described as
H=H,i+H,j
= +2u= + 2(cosBi+ sinbj), 0<6<2m
or
H+H =4 27

which represents a circle on the (H,, H,) plane.

Example 3.2: 2-SPEED CMG System

Consider a special case (8 =90 deg) of the pyramid configu-
ration of four single-gimbal CMGs, called a 2-SPEED system by
Crenshaw.! For two such orthogonal pairs of two parallel single-
gimbal CMGs, the gimbal-axis vectors are simply represented by
81 =1i.8,=j.8=—landg,=—j.

We then obtain the singular momentum vector, for all positive
€;, as

2(u,j+uk 2(u,i+uk
H=H@®, 0= 2 tud)  2ituh o0
Vi +u? N
where u, = sin6,, u, = —siné, cos 6,, and u, = cos 6, cos 6,. The

so-called 4H momentum saturation singularity surface for this case
when all four ¢; are positive can then be obtained as shown in Fig. 3.

-2

HV Hx

-2

Fig. 3 Momentum saturation surface (4H singularity surface) of the
2-SPEED system of four single-gimbal CMGs (3 = 90 deg). The complete
momentum envelope consists of the 4H singularity surface and the four
circular flat “windows” (2H singularity surface).
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Fig. 4 Internal OH singularity surface of the 2-SPEED system of four
single-gimbal CMGs (3 =90 deg).

Note that the 4H saturation singularity surface itself does not cover
the complete momentum envelope and that it has four circular holes
caused by the four conditionsu # g, (i=1,...,4).

A special case when two e; are zero and the other two e; are
+1 produces a circular flat “window” matched with a circular hole,
shown in Fig. 3. There are four circular flat windows, which are
in fact the 2H singularity surfaces. The 4H saturation surface and
the four circular flat windows provide the complete momentum en-
velope (workspace). There are also 2H singular curves, inside the
momentum envelope, consisting of two perpendicular circles de-
scribed by

H!+H=4(H,=0), H} + H?=4(H,=0)

Similarly, we can also obtain the OH singularity surface as shown
in Fig. 4. The OH surface represents a singularity condition where
two CMGs are aligned along the desired momentum vector direction
and the other two CMGs in the opposite direction. The OH surface
does not necessarily mean a zero total momentum. Only if they are
antiparallel does the total momentum become zero. In a composite
singularity surface plot, consisting of both the OH and 4H surfaces,
the four trumpetlike funnels of the OH surface are smoothly patched
to the 4H saturation surface along the edges of the circular windows
(2H surfaces).

Example 3.3: Pyramid Array with Skew Angle of 3
For a typical pyramid configuration of four single-gimbal CMGs
with skew angle of 8, we have

ey = ++/1 — (sBu, + cBu.)?, e, = £4/1 — (sBuy, +cPu,)?

e3 = +/1 — (=sBu, + cBu.)?
ey = £y/1 — (=spu, +cpu.)?

Furthermore, analytic expressions for the singular momentum sur-
faces, (H,, H,, H;), can be obtained as

cB(—spus +chuy)  u, | cBlsuc+chu)  u,

ch =
€] ey e3 ey
g, =t BCPu—cPuy) | uy  cPlsPu: +cu,)
e [4) e3 ey
H— sB(—cBuy + sBu;) N sB(sBu, — cBuy) N sB(sBu; + cBuy)
€ e e3

n sB(sBu; +cBu,)
€4

where u, = sin6,, uy = — sin 6 cos 6,, and u, = cos 0, cos 6,.



Using these expressions, one can obtain 4H, 2H, and OH singu-
larity surfaces, as presented in Ref. 16. In a composite singularity
surface plot, consisting of the 2H and 4H singularity surfaces, the
eight trumpetlike funnels of the 2H surface are smoothly patched
to the 4H saturation surface along the edges of the circular holes,
resulting in the momentum envelope but with eight nonflat windows.

IV. Singularity Analysis Using
the Binet—Cauchy Identity

In the previous section, a method developed by Margulies and
Auburn? was used to analyze and visualize the singular momentum
surfaces. A different approach for determining the singular momen-
tum surfaces, called the cutting-plane method, can also be found in
the literature.?? These two techniques do not explicitly require the
singular gimbal angle information to determine the singular mo-
mentum surfaces.

However, it is often preferred to determine all possible singular
gimbal angles 1) to understand and characterize all possible sin-
gularities of CMG systems, 2) to be used for a direct singularity-
avoidance logic (e.g., Refs. 3 and 7), or 3) to determine singular
momentum surfaces indirectly.'®

Singularity condition (20) can be rewritten in matrix form as

ATu=0 (29)
In other words, the singular vector u of the Jacobian matrix A is the
null space vector of AT; that is, u =null(A”). Nontrivial solutions,
u # 0, exist for (AAT)u=0if and only if AAT is singular. That is,
we have the singularity condition of the form
det(AA") =0 (30
In general, the singularity condition defines a set of surfaces in x
space, or equivalently, in H space. The simplest singular state is
the momentum saturation singularity characterized by the momen-
tum envelope, which is a three-dimensional surface representing the
maximum available angular momentum of CMGs along any given
direction. Any singular state for which the total CMG momentum
vector is inside the momentum envelope is called “internal.”

The singularity condition can also be written by using the Binet—

Cauchy identity®® as follows:

det(AAT) = ) " M? =0 31)
i=1

where M; = det(A;) are the Jacobian minors of order 3 and A; = A

with the ith column removed.

Singularity conditions (31) for the pyramid array of four single-
gimbal CMGs become

M, = S,B[(5253€4 + c28354) + cB(cac3sy — 5263¢4)

+2(cB)ercses] =0 (32a)
M, = 5,3[(535461 + €35481) + cB(c3¢481 — $3¢4C1)

+2(cB)c3cac1 ] =0 (32b)
M; = 5,3[(543162 + c48182) + cB(cac152 — s4¢1C2)

+2(cB)cscicr] =0 (32¢)
My = sB[(s152¢3 + €15283) + cB(c1c253 — s1623)

+2(cB)’cicae3| =0 (324d)

where s; = sinx; and ¢; = cos x;. Although these singularity con-
ditions based on the Binet—Cauchy identity have been discussed in
the literature (e.g., Refs. 2, 4, and 5), a new approach to computing
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the singularity momentum surfaces using the singularity conditions
M; =0 is presented here.

Because the minimum rank of the Jacobian matrix A is 2, the
four conditions M; = M, = M3 = M, =0 are not independent of
one another and only two of them are independent. Consequently,
any two of these four conditions may be used to find the singular
gimbal angles as follows.

When ¢; # 0, the singularity conditions can be simplified as

tan x3(tan x, + tan x,) + cB(tan x; — tanx,) = — 2(cB)*> (33)
tan x,(tan x; + tanx;) + cB(tanx; — tanx;) = — 2(cB)? (34)
tan x| (tan x4 + tan x;) + c¢B(tanx, — tanxy) = — 2(6/3)2 35)

tan x,(tan x; + tanx3) + cB(tan x3 — tanx;) = — 2(cB)*> (36)

Because the minimum rank of the Jacobian matrix A is 2, only two
of these four conditions are independent. Therefore, these four equa-
tions, Egs. (33-36), yield six singular gimbal angle combinations.
For example, we have, in case 1, forall (x, x3), determine (x5, x4)

using Egs. (34) and (36):
] (37

xu— tan~! |:—2(c,3)2 — cBtan x| + cf tan x3] (38)
tan x; + tanx;

| —2(ep)? = cpranxs + B tan x,
X, = tan
tan x; + tanxj3

The other five cases can be found in Ref. 16.

There are six additional cases when ¢; =0 (i.e., tan x; = £00).
For example, we have

Case 7:

sin(x; + xg4) 0 when cosx;=cosx3=0 39)

Case 8:

sin(x; +x3) = 0 when cosx;=cosx;=0 (40)

and the other four additional cases can be found in Ref. 16.
Singular surfaces in the three-dimensional vector momentum
space, H= (H,, H,, H_), are then defined as surfaces mapped by

H, = —cBsinx; — cosx, + ¢f sinx3 + cos x4 (41a)
H, = cosx; — c¢fsinx; — cos x3 +cf sinx, (41b)
H,=sBsinx; + sp sinx, 4+ 58 sin x3 + sB sin x4 (41c)

As an illustrative example, the singular momentum projection on
the (H,, H;) plane for case 7 (with 8 = 54.7 deg) is shown in Fig. 5.
For this case, the singularity conditions become

(x1,x3) = (£ /2, £7/2)

Xy +x4=0 or Xo+x4=m
For x, + x4, =0, there are four line singularities passing through the
four points denoted by * as shown in Fig. 5. For x, + x4 =7, the

four ellipses on the (H,, H,) plane with H, =0 can be found:

,  (H,£2sinB)? ) H?
H + ————— =4, (H, £2cos )"+ ——=4
sin” sin” B
Detailed results for computing all possible singular gimbal an-
gles and also visualizing the singular momentum surfaces using this
new approach can be found in Ref. 16. The proposed method pro-
vides detailed information about singular gimbal angles and their
direct relationships to the resulting singular momentum surfaces. It
also provides a systematic way of determining all possible singu-
lar gimbal angles, whereas the method by Margulies and Aubrun?
does not.
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Fig. 5 Singular momentum projection on the (H,, H;) plane for case 7
with 3=54.7 deg.

V. CMG Null Motions

The so-called null motions of CMGs are defined as CMG gimbal
motions that generate no net torque from the CMGs. One of the
principal difficulties in using CMGs for spacecraft attitude control
and momentum management is the geometric singularity problem
in which no control torque is generated for the commanded control
torque along a particular direction. At a singularity, CMG torque is
available in all but one direction. In practice, the null motions are
often employed to avoid and/or escape such a singularity situation.

There are two types of singular states, hyperbolic states and ellip-
tic states.? The hyperbolic singular states can sometimes be escaped
through null motion whereas the elliptic singular states cannot be
escaped through any null motion. Although null motion can be gen-
erated at the hyperbolic singularity, the mere existence of null mo-
tion does not guarantee escape from the hyperbolic singularity. This
so-called degenerate null motion problem was briefly mentioned by
Bedrossian et al.*> without any specific example.

In this section, a mathematical framework for analyzing such
null motions as well as for determining the singularity types is es-
tablished by expanding on the previous work by Bedrossian et al.*
This section is also intended to provide the reader with some new
physical insights into the null motions (in particular, the degener-
ate null motions). Several illustrative examples with significant new
results are presented.

The virtual momentum vector 8h; associated with the ith CMG
is defined such that

(SH:i:Shi:O

i=1

(42)

which is in fact the condition for null motion, also called virtual
or zero-torque motion. The virtual momentum vector 8h; is differ-
ent from the actual momentum vector change dh;, but it must be
compatible with null motion constraint (42) irrespective of time.

The virtual (null motion) momentum vector §k; can be expanded
in a Taylor series as follows:

SH = iahi
i=1

B Z(dx, xit
= i(fini_
i=1

+ld3h
3! dx}

1 d’h;
21 dx?

sx,?+--->

1 2 1 3
Eh,ﬁxi - Ef,ﬁxi + - ) =0 (43)
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where 8x; are the virtual (null motion) gimbal angle displacements
from arbitrary gimbal angles x;, and f; =dh;/dx;.

The first-order necessary condition for null motion is then given
by

n

D fi8x=0 (44)
i=1
which can be rewritten in matrix form as
Z f;6x; = Asx=0 (45)

i=1

where §x = (§x1, ..., 8x,) is called the null motion displacement
vector and A is the Jacobian matrix previously defined in Eq. (6). In
other words, the null vector 8x is the null-space vector of A; that is,
sx=n=null(A) and An=0. A null-space vector can be obtained
as follows?:

n=(Cy, C,, C3, C4) =Jacobian null vector
C; = (—1)' "' M; = order 3 Jacobian cofactor
M; =det(A;) = order 3 Jacobian minor
A; = Awith ith column removed

However, the mere existence of the local null vectors (the first-order
necessary condition for null motion) is not sufficient for an escape by
null motion from singularity. The second-order necessary condition
needs to be checked.

To test whether null motion is possible at a given singularity
or to determine its type of singularity (i.e., elliptic or hyperbolic),
consider the null motion constraint expressed in matrix form as

SH = H(x + 8x)

=i(fi8xi_%i Xi

i=1
which is the equivalent matrix representation of Eq. (43).
Taking the inner product of §H with an arbitrary vector u, we

obtain

u’sH = uT{ Z
47

— H(x)

=0 (46)

——fsz + -

1
I:f,»Sx,- — —h; (x;)8x?
2! 3!

i=

Because u’f; =0 (i = 1, ...,4) when u is along the singular vec-
tor direction, we obtain the constraint equation for null motion as

follows:

ozuT[Z(—Eth + o +

i=

Z ei(cosdx; — 1)

i=1

(4%)

where ¢; =u’h; =u - h;, which was previously defined in Sec. IIL
Considering only the second-order terms, we obtain the second-
order necessary condition for null motion>* as follows:

n

Ze,-&xiz =0

i=1

(49)



which can be rewritten as

5x"Esx=0 (50)
where 6x=(éx;,...,8x,); E is a diagonal matrix defined as
E =diag(e;). If E is a sign-definite matrix, the only solution to
Eq. (50) is 6x=0, and null motion is not possible. However, the
sign-definiteness of E is only the sufficient but not necessary con-
dition for the trivial solution, éx =0, to Eq. (50).

The virtual null motion of gimbal angles can be expressed using
the first-order necessary condition, as follows*:

n—2

SX = Zcini =Nc¢

i=1

(6D

where ¢; is the ith weighting coefficient, ¢ = (¢, ..., ¢, —2), and n;
are the null-space basis vectors of the Jacobian matrix A such that
An; =0 or N=null(A). Note that at a singularity rank(A) =2 and
nullity(A) =n —rank(A).

Substituting Eq. (51) into Eq. (50), we obtain the second-order
necessary condition of the form*:

¢'Mc=0 (52)
where M = NTEN.

If M is a sign-definite matrix, the only solution to Eq. (52) is
¢ =0, and null motion is not possible. This type of singularity is
referred to as an elliptic singularity and, consequently, it cannot be
escaped by null motion. The other possibility for M is to be sign-
indefinite (or singular). This type of singularity is referred to as a
hyperbolic singularity. As will be illustrated for a system of two
single-gimbal CMGs, however, the mere possibility of null motion
does not guarantee escape from singularity. Degenerate null motion
solutions that do not affect the rank of the Jacobian matrix must be
excluded, as discussed in Ref. 4.

Example 5.1: Two Parallel Single-Gimbal CMGs
A system of two parallel single-gimbal CMGs has a Jacobian
matrix A of the form

-

where « is the rotation angle and 8 the scissor angle, as shown in
Fig. 2. The singularity condition becomes

—sina cos 3,
(53)
cos a cos 3,

—cosa sin,B:|

—sina sin 8

|A| =sinBcos =0 (54a)

= f=0,+n/2, £ Va (54b)
The singular momentum surface for 8 =0 is simply a circle of the
form H? 4+ H? =4. This also confirms the singular momentum sur-
face expression, Eq. (6), previously found directly without recourse
to singular gimbal angles. An internal antiparallel OH singularity for
B ==xm/2is located at the origin: (H,, H,) = (0, 0).

For the OH singularity at x= («, 8) = (0, 7/2), illustrated in
Fig. 2, the Jacobian matrix becomes

Ao 0 -2
1o o
with its singular vector of u= (0, 1), that is, ATu=0. A null-space

vector of A such that Ax = 0is x=null(A) = (1, 0). This OH (an-
tiparallel) singularity has the following null motion constraint:

2
0= Z e;(cosdx; — 1) = cosdx; — cosdx; (55)

i=1

Its null motion solution is §x; = §x, = arbitrary, which corresponds
to B =m/2 for any «. This type of singularity with possible null
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Fig. 6 The (a, 3) trajectories for two parallel single-gimbal CMGs.

motion is referred to as a hyperbolic singularity. However, this hy-
perbolic singularity cannot be escaped by null motion, because the
singular configuration (8 = /2) remains undisturbed during null
motion along the null manifold (or a degenerate null trajectory), as
illustrated in Fig. 6. This example demonstrates that the mere exis-
tence of null motion does not guarantee escape from a hyperbolic
singularity.

For the 2H saturation singularity with x=(a, 8) = (0, 0), the
Jacobian matrix becomes

Ao 0 0
12 0
with its singular vector of u= (-1, 0), that is, ATu=0. Its null-

space vector is X =null(A) = (0, 1). This saturation singularity has
the null motion constraint

2
0= Ze,-(cos 8x; — 1) = cosdx; + cosdxs —2  (56)

i=1

The only solution to this equation is éx; =x, =0; that is, null
motion does not exist. This type of singularity with no possible
null motion is referred to as an elliptic singularity. All saturation
(external) singularities are elliptic; that is, they cannot be escaped
by null motion.

Example 5.2: Pyramid Array of Four CMGs

Consider a pyramid array of four CMGs with § =53.13 deg. It
can be shown that a set of gimbal angles, x=(—n/2,0, 7/2,0),
shown in Fig. 7a is an internal elliptic singularity with its singular
vector of u= (1, 0, 0), as follows:

0 0 0 0
A=|1 —06 1 06
0 08 0 08
07952 0
—0.2774 —0.5392
mllA)=N="1" 1623 —0.6470
02774 05392

null(AT)=u=[1 0 0]
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t &
CMG #3 CMG #1 CMG #3 CMG #1
CMG #2 . CMG #2 .
4__—1 N <4\,

CMG #4 CMG #4

a) 2H internal elliptic singularity b) OH internal hyperbolic singularity

Fig. 7 Singularity illustration for a pyramid mounting arrangement
of four single-gimbal CMGs.

E = diag(u"h;) = diag(0.6, —1.0, 0.6, 1.0)

However, a set of gimbal angles, x = (- /2, 0, /2, ), shownin
Fig. 7b can be shown to be a hyperbolic singularity with its singular
vector of u=(1, 0, 0). It can be further shown that this hyperbolic
singularity can be escaped by null motion because its null motion
is not a degenerate solution.*

0.5077
—0.1795

—0.1795

M=N'EN=
[ 0.2512

eig(M) =0.1588, 0.6

Example 5.3: Three Parallel Single-Gimbal CMGs

For a system of three single-gimbal CMGs with parallel gim-
bal axes, described by Eqs. (14) and (15), the singularity condition
becomes

det(AAT) = M} + M} + M;

sin®(x3 — x2) + sin®(x3 — x7) + sin®(x, — x;)

=0 (67

and singular gimbal angles can be found as

X1 = X, = x3 (external 3H singularity)

X; =Xj, Xy =x; £ (internal 1H singularity)

The singular momentum surfaces are then simply described by two

circles, as shown in Fig. 8. The internal antiparallel (1H) singularity

and the external parallel (3H) singularity are also illustrated in Fig. 8.
The 1H singularity has the null motion constraint

3

0= Zei(cosﬁxi -1

i=1
= (coséx; — 1)+ (cosdxy, — 1) — (cosdxz — 1)

= cosdxy + cosdx, —cosdxz — 1 (58)
Its nondegenerate null motion solution can be found as §x, = §x3 and
éx; =0 and, thus, it is a hyperbolic singularity that can be escaped
by null motion.

A new set of orthogonal coordinates (x, y, z) for gimbal angles,
described by Margulies and Aubrun (but not explicitly provided in
Ref. 2), can be found as

x /N2 —1/¥2 0 X
y =146 146 —2/V6 || x (59)
z /3 13 143 x3
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3
1
Ql 3 Hx
y y

a) 1H antiparallel singularity b) 3H parallel singularity

Fig. 8 Singularity illustration for three single-gimbal CMGs with par-
allel gimbal axes.
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Momentum H

2y (rad)

H = constant

y (rad)
y (rad)

0
x (rad)

Fig. 9 Contour plots of det(AA”) and H for a system of three parallel
CMGs. Note that (x,y) are the new transformed gimbal angle coordi-
nates defined by Eq. (59).

or
x /N2 16 1/V3 | Tx
x| =|-=1/4/2 146 143 ||y (60)
x3 0 —2/4/6 1/4/3 | Lz

Using Eq. (60), we can then express det(AA”) and the total angular
momentum H as?

2x 2x 6y
det(AAT) =2 — cos®> == — cos — cos —— (61a)
V2 V2 V6
3y
H?>=1+4cos® ~— +4cos —— cos 2 (61b)
V2 V26

which are independent of z.
Contour plots of det(AAT) and H vs (x, y) are shown in Fig. 9.
In the contour plot of H, one can easily identify an elliptic
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Fig. 10 Contour plots of det(AA”) and H vs («, 3) for a system of
three parallel CMGs.
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singularity at the center and hyperbolic singularities at the six sad-
dlelike points. The constant-H lines of H = 1 connecting the inter-
nal hyperbolic singularities are null motion trajectories. The zero-
momentum points are not singular points.

Instead of employing (x,y,z) introduced by Margulies and
Aubrun, we may introduce two angles (o, 8) as

a=Xx, — X (62a)
B=x3—x (62b)

Then we simply obtain
det(AAT) = sin? o + sin’(a — B) + sin® B (63)

H?=(1+ cosa + cos 8)%+ (sina + sin B)° (64)

Contour plots of det(AAT) and H vs (a, B) are also shown in Fig. 10.
The external elliptic singularities, internal hyperbolic singularities,
and null motion manifolds can also be easily identified in the contour
plot of H in Fig. 10.

VI. Surface Theory of Differential Geometry

In this section, the singularity surface problem is further examined
by applying the surface theory of differential geometry.>+? This
subject is certainly mathematical in nature; however, it is also of
practical importance for a better understanding of CMG systems
and also even for developing CMG steering laws, as attempted by
many previous researchers, including Margulies and Aubrun.?

One can analyze, compute, and visualize the singular surfaces
without employing the differential surface theory, as demonstrated
in the preceding sections. However, this section is intended to pro-
vide the reader with the basic mathematical foundation of the theory
of differential geometry as it is applied to the geometric theory of
CMG systems. Further study is necessary to fully exploit the differ-
ential surface geometry theory, and this section will certainly help
the reader further advance in this subject.

Let aunit vector along all possible directions in three-dimensional
space (except along the gimbal-axis directions) be parameterized as

u

i +uyj+uk

= sin 6,i — sin 6 cos 6, j + cos O cos ok (65)
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which was previously introduced in Eq. (17). Then, we obtain the
differential of u as

du :u1d01 +u2d92 (66)
where
ou . .
Uy = — = —cosb cosbhrj — sinb; cos bk
00,
ou L . . .
u, = 30, = cos 6i + sin @, sin6,j — cos 0 sin Ok
p)
Note that |u;| = cos? 6, |u>| =1, and u, - u, =0.

Similarly, the differential of the singular momentum vector or
singularity surface vector H(6;, 6,) can also be represented as

oH oH
dH = —d01 + —d92 =H1d91 +H2d92 (67)
a6, 00,

where

OH _ oM, 0H,  OH,
= —= i B
96, 06, " 06, ' 6

The first fundamental form of the singularity surface vector H is
given by

I =dH -dH=(H,d6, +H,d6,) - (H,d0, + H,d0,)

2
= Y Gydtdt; =do" Gdo

ij=1

1o, dep| O G| (68)
a l G Gn ||
where d0 = (d0,, d6,), G=[G;;]1=G" > 0, and
9H, 9H, 9H,dH, OH,9dH.
Gij=H;, H;= Yy
06, 06, ' 06, 96, ' 06, 96,

In this paper, we will employ the following vector/matrix dot-
product operation:

S I T T T il IPC R
H, : 2= H, -H H, H,|

The square of an element of arc length, ds?, is also often used to
denote the first fundamental form of the surface:

ds*=G11(d0))? +2G 1,d0,d0, + G, (db,)? (70)

and G;; are the components of the so-called metric tensor or fun-
damental tensor of the two-dimensional Riemannian geometry. The
first fundamental form enables us to measure lengths, angles, and
areas in a surface.

The second fundamental form of the singularity surface vector H
is given by

I =—dH -du= —(Hldel +H2d92) . (u1d6’1 +u2d02)

2
= Y Byd6,do;=d0"Bdo

ij=1

=[d6, db,] " 2 ! (71)
1 )
By Bxn || dbs

where B;; =—H, -u;.
Differentiating the orthogonality relation, H; - u =0, we obtain

H,-j‘u—i—Hi-uj:O (72)
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where H;; = 3°H/90;00;. Consequently, we have

B,-jE—H,--usz,-j-u (73)
and B=BT since H;; =H ;.
The third fundamental form of the surface is given by
Il =du-du= (llldgl +u2d92) . (u1d91 +ll2d92)
2
= Y Cyd6,dt; =do" Cdo
ij=1
[do, dopp| E € || 4o (74)
= 1 >
Cip Cxn || do
where C;;=wu; -u; and C=C" > 0.
Defining the so-called Weingarten transformation as
u D D H H
vl 1 12 - _pl™ (75)
u Dy Dy || Hy H,
we simply obtain
B H‘
=", [wr us]
H, T T
= -[H, H;]D'=GD (76)
H,
The Weingarten transformation matrix is then obtained as
D=G 'B=BG™! (77)
and D =D7”. We also have
u H]
C= : =D -[H, H,]D"
|:u2:| [”1”2] |:H21| [Hi H]
=DGD" =DB=G 'B*=B’G™" (78)

Similar to the Weingarten transformation, consider a congruence

transformation of the form
do, . E, Ep i
do, Ey Eyn || w
or df = Ew where E =[E;;] is a nonsingular matrix, that diagonal-
izes the first fundamental form as
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I=dH -dH=d0"Gd0 = w"E"GEw

=w'lw=w?+w’ (80)
where I is an identity matrix. The differential form dH can then be
simply written in terms of the linear differential forms, w; and w,,
as

dH:L!)]e] —+ wre, (81)

where e, and e, are orthogonal unit vectors; that is, e; - ¢; = §;;.
By applying the congruence transformation, 6 = Ew, we rewrite
the second fundamental form as

—dH -du=d0"Bd0 = w"E"BEw = w” Lw

Ly W)
Lo (25}
where L=ETBE is known as the Weingarten mapping matrix in
the theory of differential geometry. According to Sylvester’s law

II

Lll

82
Lo (82)

[w w2]|:

WIE

of inertia, the signs of the eigenvalues of B are preserved by a
congruence transformation since det L = det B(det E)>. Note that
the symmetry of B is also preserved by a congruence transformation;
thatis, L=L".

Furthermore, the second fundamental form can be diagonalized

as
Ly || o
Ly || @2

Ly
Ly

II

—dH - du =[ w, w2]|:

[0 o)]® L& [”,‘ }
w,

, k] 0 C()/l
210 || e

where k; and k, are the eigenvalues of L, and @ is a similarity
transformation matrix defined as

/
= [a)1

(83)

dH=a)181 +a)282=(1)/181/ +a)/2e2/ (84)
where
e | cos¢p —sing ey _& ey
e; | | sing cos¢ ey | ey
w; cos¢p —sing || o) B oA
w, | | sing cos¢ w) - )
tan 2¢ = — =12 (85)
an2¢p=——-—
Ly — Ly

Note that @ is an orthonormal matrix with & = &' and det ® = 1;
that is, @ is a rotation matrix for &' L& = diag{k;, k,}, and detL =
L11L22 - L%Z B klkz.
_ The normal curvature k,, Gauss curvature k, and mean curvature
k are then defined as

k, = kicos’ + kysin*¢ = TI/1 (86a)
k= kiky=detL=Ly Ly — L, (86b)
lz:%(kl"_kZ):%trL:%(Lll-i-Lzz) (86¢)

The principal curvatures, k; and k,, are the roots of the following
characteristic equation:

det(L —AI) =0 or det(B — 1G)=0 87
Furthermore, we have the following relationship from Refs. 24 and

25:

kK1 — 2K+ 11=0 (88)

where I=w"Iw, Il = w”Lw, and Il =w”L2w. Equivalently, we
have

kG —2kB+C=0 (89)

For the known surfaces, the angle 1 between the parameter lines,
the unit normal vector u, and B;; can be obtained from the following
relationships:

cosy = HoH, __Go (90a)
|H{||H)|  /G11Go
H, xH, H, x H,
w= — (90b)
|H, x Hy|  /detG
B_,:_H_,u._H...u_M (90c)
b= =t T TG

Note that det G > 0 because G is a positive-definite matrix.



Taking the differential of the orthogonality condition, dH -u =0,
we obtain

d’H -u+dH -du=0 1)
and the second fundamental form can then be written as
d’H-H, xH
l=d’H u= 222122 92)
VdetG
where
9’H ’H 9’H
d*H = —(d6)* + d6,do, + — (d6,)* 93
8612( 1) 20,90, 14% 8922( 2) 93)

Using dyadic notation, we may rewrite singular momentum vector
(25) as

n

1 .
H=Hw=) —(-gg)u

i=1 !

94)

where [ is a unit dyadic and e; = h; - u = +£|g; x u|. The differential
of the singular momentum vector is then written as?

A

dH=1J -du (95)

where

|
i=Y ~fif (%)

i=1 !

Since f;-u =0 at singularity, we have Ju=0. Thus, it is said
that J is singular of rank 2 and is a symmetric planar dyadic in the
tangent plane orthogonal to u.

Representing the symmetric planar dyadic J as

Ji || w 2
= Jiiuiu; (97)

ij=1
where u; = 0u/d6; and J;; =u; - f-uj, we also obtain the two
fundamental forms of the singularity surface as

Ji

J=[u 1l2]|:J12

I=dH dH=du J? du

=d@"CJCJCdO=dO" GdO (98)
U= —dH -du= —du-J-du
= —d"CJCdO=dO"BdO (99)
and we have
B=-CJC (1002)
G=BC'B (100b)

Note that the matrix C, which is not an identity matrix in general,
is missing in Eq. (13) of Ref. 2.

In summary, we have E'TGE=I, E'BE=L, ETCE=L?,
C=B?G!, and D=BG'. Consequently, we obtain

detc =SB (101a)

o= det G a
det B

detD = &£ (101b)

detG

WIE
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and
k= k]kz = de[L:L“Lzz - L%Z

detB B B11322 — Blzz
detG B G11G22 — G%Z

detD =

11 1 1
detJ detC  Jj Jy — J2 detC

1 1
)\.1)\.2 detC

(102)

where A, and A, are the eigenvalues of J and det C > 0. Finally, we
have

sign(k) = sign(det L) =sign(det D)

sign(det B) = sign(det J) (103)

The sign of k provides important information about the shape of
the surface in the neighborhood of a given point H*. If k(H*) > 0,
then H* is an elliptic point of the surface. If k(H*) =0, then H* is
a parabolic point or a planar umblic of the surface. If k(H*) < 0,
then H* is a hyperbolic point of the surface. The two local surfaces
are said to be isometric if and only if they have identical Gauss
curvatures. A closed surface always has elliptic points. A line for
which the second fundamental form becomes diagonal is a principal
direction. A curve, all of whose tangents are in principal directions,
is a curvature line. The normal curvature of a curvature line is a
principal curvature of the surface.

The inverse mapping problem? is to determine a direction du such
that J - du =dH when dH is given. If the tangent direction of the
singularity surface is given by

A~

dH=J-du (104)

where u is an arbitrary vector defined over the singularity surface,
then the inverse mapping theorem of Margulies and Aubrun? gives

du=kJ-dH (105)
where k = k(u) is the Gauss curvature given by
. eie;
k=2 — 106
Z [det(f;, £;, w)]? (106)

ij=1
e; =h; -u, and det[f;, f;, u] = f; ><fj ‘u.

As an example consider the two orthogonal pairs of two parallel
single-gimbal CMGs, with its momentum saturation surface shown
in Fig. 3. The singular momentum at (H,, H,, H.) =(0, 0, 4) has
u(0, 0) =k for u = sin 6,i — sin 6, cos 0, j + cos 0, cos 6k, and

u=—j,uy=i,H=-2,H,=2i
du = u1d01 —|—u2d92 = —_]d@l +ld02
dH = H,d0, + H,d6, = —2jd0, + 2id6,

For this somewhat trivial case, we have

a_[* 0 g_|2 ©
o 4’ o 2|

D=|:—l/2 0 ] E=|:1/2 o}

0 —12 0 12
L -1/2 0 Jo 20
I R Y 10 2
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ky =k ! k=kiky = 2 il
1=k==3, =kika =7, =73
The singularity at (H,, H,, H,) = (0, 0, 4) is thus an elliptic point
since k > 0, which can also be confirmed by the convexity of the
momentum saturation surface shown in Fig. 3.

This example was mainly intended to verify some of the mathe-
matical formulas derived in this section. It is not intended to demon-
strate any significant practicality of this approach to the CMG sin-
gularity problem. Further study is necessary to fully exploit the dif-
ferential surface geometry theory as applied to the CMG singularity
problem.

VII. Conclusions

In this paper, particular emphasis has been placed on charac-
terizing and visualizing the physical as well as mathematical na-
ture of singularities, singular momentum surfaces, and null mo-
tions. It is hoped that the comprehensive mathematical treatment
as well as several illustrative examples with significant new re-
sults presented in this paper can be utilized toward developing
a CMG-based attitude control system for future agile imaging
satellites.
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